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The hydrodynamic form of the Dirac equation and the 
distorted wave Glauber approximation 
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Mathematics Department, University of Birmingham, B15 2TT, England 

Received 8 February 1982 

Abstract. The Dirac equation for an electron subjected to a potential A” is shown to be 
equivalent to the following classical equations for a beam of non-interacting electrons 
subjected to A” in addition to ’quantum’ scalar and four-vector potentials together with 
an anomalous electromagnetic field affecting the spin: the Hamilton-Jacobi equation for 
the momentum, the continuity equation for the charge distribution, Frenkel’s relativistic 
equation for the spin and a new equation giving a phase 6 as an integral along the electron’s 
path. These equations are coupled through the ‘quantum’ potentials and fields. In the 
classical limit 6 is constant along the electron’s path and the equations decouple. 

Two approximation procedures based on these coupled hydrodynamic equations are 
given: (1) the semiclassical to lowest order in powers of h, (2) the distorted wave Glauber 
approximation assumes the solution of the Dirac equation and hence of the hydrodynamic 
equations for an unperturbed A” and that the electrons travel along the same four- 
dimensional paths in the perturbed potential, but with different ’speed’. 

1. Introduction 

It is well known that the Hamiltonian Jacobi (HJ) equation 

VS * V S + 2 m e  =2Em (1.1) 
describing the velocity field ( l /m)VS(x)  of particles of fluid subjected to a potential e, together with the continuity equation (CE) 

v ’ (a  2vs) = 0 (1.2) 
governing the density a 2 ( x )  of such particles moving with velocity field ( l /m)VS,  are 
equivalent to the Schrodinger equation with potential V ( x  ) for the wavefunction 

4 ( x )  = a (XI exp[iS(x)/fII (1.3) 

?(XI- V(X)  = - ~ I ~ V ~ U ( X ) / ~ ~ U ( X ) .  (1.4) 

if we take 

The dependence of the ‘quantum potential’ 

v,(x) = - f 1 ~ ~ ~ a ( x ) / 2 m a  (x) (1.5) 
on the amplitude a ( x )  couples the CE (1.2) and the HJ equation (1.1). 

The Pauli equation for the non-relativistic electron requires (Riordan 1978) 
‘quantum vector potentials’ and ‘quantum magnetic fields’ if it is to be written as a HJ 
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72 F Riordan 

equation governing the velocity field of the electrons together with the CE governing 
the density distribution of electrons and the spin equation 

D M = ( ~ / ~ c ) M A H  (1.6) 

(where D denotes the substantive derivative). This equation describes the precession 
of the magnetic moment M of the electron about the direction of the magnetic 
field E? (classical plus quantum) which the electron finds at each position as it moves 
through space with velocity field given by the HJ equation. 

In this paper we write down the relativistic extension of these hydrodynamic 
equations and show that they are equivalent to the Dirac equation in a classical 
external potential field (4, A) .  The HJ equation is the relativistic Hamilton equation 
for the four-momentum 8,s in the presence of the classical and ‘quantum’ four-vector 
potential A ,  and a ‘quantum’ scalar potential. The CE is as we would expect for such 
a four-momentum field. The remaining equation for the magnetic and electric moment 
densities ( -M, P), which like the magnetic and electric fields (H, E )  form a covariant 
six-vector (antisymmetric tensor of rank two), is just Frenkel’s (1926) relativistic 
equation which is equivalent to the more usual equations of Bargmann et a1 (1959) 
for the four-vector U @  derived from the spin and the kinetic momentum p = 
VS - ( e / c ) A ,  as follows: 

U ’ =  (M * p ) / E ,  a = M + p ( M  8 p ) / m ( E  + m ) .  (1.7) 

2. The hydrodynamic equations 

The Dirac equation in the presence of a vector potential 4, A may be written in the 
spinor representation 

as 

)a  eisIn( :) = o (2.2) 
-m i A d - 4 + ( i h V + A ) * a  

(iha - 4  - (iAV + A )  * (T -m 
where 

are two-spinors. 77 transforms like 5* and we may define 

w = 77+5+&. (2.4) 
2 1 51=5, 5 2 = - 5  f 

a 2 ( x ) w ( x )  is the Lorentz scalar. 
a ( x )  may be made definite by for example setting w = 1; S(x) and a ( x )  could be 

chosen to be solutions of the classical HJ and continuity equations respectively if we 
know these; alternatively both S ( x )  and a ( x )  can also be made definite by setting 
5’ = 1, but we will leave this choice open until 99 3 and 4. The Dirac equation (2.2) 
may be rewritten 

mal7 = (iAa-aS-4)ag+(iAV-VS+A)a ut, ( 2 . 5 ~ )  

m a t =  ( i h d - a S - 4 ) q  - ( ihV-VS+A)a ‘ U T ,  (2.56) 
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so that the density 

p =a2(5+5+77+77) 
is given by 

mp = ['a[ihd- d S  - 4  -U (ihV -VS +A)]aq 

+ 77 'a[ihd- d S  - 4 +a (ihV- VS +Ala[ 

= - a 2 W ( a s + J ) - ~  [ta2ih([+aq -77+a[)] 

73 

(2.6) 

since the imaginary part of the right-hand side of equation (2.7) is zero and we have 
written 

d-4  =4,=h1m(['aq +q'a[ ) /o .  (2.9) 

Similarly writing 

A - A  =A,  = -ZI Im([+VV + 17 'v [ ) /~  
and using 

( B  - a ) u = B - i B x a ,  

the current 

] = a 2 ( [ ' a [ - q i a r / )  

is given by 

(2.10) 

(2.11) 

(2.12) 

mj = [ +a  [(ihd - d S  - 4 ) a q  - (ihV - VS + A )UT - i(ihV - VS + A )  x aaq  ] 

+ 77 'a[-(ihd -8s -q5)aa[ - (ihV- VS +A)a[ 

-i(ihV-VS+A)xua[] (2.13) 

(2.14) = a2w(VS - A )  + $ h d ~ ~ ( [ ~ ( r 7 7  - 77 'a[) + ;hV X a 2 ( [ ' u ~  + 77 +a[). 

That (p, ]) is a four-vector follows from the definitions (2.6) and (2.12). Multiplying 
equation (2.2) on the left by ([+, 77 ') and keeping only the imaginary part, we get the 
continuity equation 

d[a2(6'[ + &)I+ v * [ a 2 ( [ ' a [  - 7)+Uf7)] = 0, (2.15) 

or using equations (2.8) and (2.14) 

a[a2w(as+~)]-V[a2w(VS -A)]= 0. (2.16) 

The Dirac equation (2.5) yields on iteration the second-order equation 

(:) [(ihd- 3s -4)(ihd -8s - 4 )  - (ihV -VS + A )  a a * (ihV -VS + A )  - m Z ] a  

+ [(ihd- d S  -4)(ihV-VS + A )  - (ihV- VS + A )  (iha-dS -d ) ]a (  U6 ) = 0 
-ut) 

(2.17) 
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or 

a [ (% +&)'- (VS -AI2- m 2 - 4 i  +Ai l (  ) +ha( (H +iE) . a77 5 
77 

-h2(a ' -V2)u(~ ) -~{d[a2(dS+4) ] -V[a2(VS-A) ] } (  5 ) 
U 77 

5 

5 

- 2a[d,(aS + 4 )  +A,  * (VS -A)]( ) 
-2iha[(dS +4)d-(VS - A )  * VI( ) = 0 

77 

(2.18) 
77 

where we have used (2.11) and 

H5 = V x (AS) + A  x Vg, 
E5 = +(A[) + Aa5 - V(45) +4V[. 

(2.19) 

(2.20) 

If we write the substantive derivative 

D (3s + 4 ) d  - (VS -A)  * V (2.21) 

the term in braces in (2.18) is given, using the continuity equation (2.16), by 

w{d[a2(aS + 4 ) ] - V  * [a2(VS -A)]} 

= -a2Dw - a ( a 2 d , )  -V * (u'wA,) (2.22) 

= -2a2 Re(["Dq +vtD5)-h  I m [ ~ t a ( a 2 - V 2 ) ( a ~ ) + ~ t a ( d 2 - V 2 ) ( u 5 ) ]  

(2.23) 
using (2.4) and 

d(a ' ~ 4 , )  + V (a  'wA,) = h Im[['u (a' - V 2 ) ( a q )  + 77 ' a  (a2 - V2)(a5)]. (2.24) 

The fourth square bracket in equation (2.18) is given using equations (2.9) and (2.10) 
by 

q5,(dS+4)+Aq. (VS-A)=hIm([ 'Dq + q T D [ ) / w .  (2.25) 

Thus if we define 

KZH-iE (2.26) 

the equations (2.18) may be written 

a[(dS +&)' - (VS -AI2 - m 2  -4: +Ai]( 5 ) +ha( 
77 

- h ' ( a ' - V ' ) ~ ( ~ )  6 + - I m [ ~ ' ( a 2 - V 2 ) ( a ~ ) + ~ ' ( ~ 2 - V 2 ) ( u 5 ) ] (  h2i 5 ) (2.27) 
w 77 

Multiply this equation on the left by (q", 6'). The result is real and is the Hamilton- 
Jacobi equation (Barut 1964, for example) 

(as + 6)' - (VS = (m - (P , )2  (2.28) 
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for an electron in the presence of a four-vector potential 4, A and a scalar potential 
0, given by 

aw(m-0,)2=(m2+q5i - A i ) a w  

+ h 2  R e [ ~ ' ( ~ 2 - V Z ) a ~ + ~ ' ( ~ 2 - V 2 ) a ~ ] - 2 h a  Re q'K -at .  (2.29) 

Using the HJ equation (2.28) we may rewrite equation (2.27) as 

2iwD5 - 2i(['Dq + q 'D5)5 
=OK *a[-(qtK * a [ + t ' K *  .a77)5-~5,+(q '5 ,+5'q , )5 ,  (2.30) 

2iwD77 - 2i(ttD77 + 77 'D5)q 

=wK* -(7'K 'a5+5tK*.all)q-w77q+(77t5q+5tqq)77, (2.31) 

where 
at-, = h(d2 -V2)a5, 

aqq = h(a2 -V2)aq.  

(2.32) 

(2.33) 

We will next show that these equations (2.30) and (2.31) are equivalent to a Frenkel 

(2.34) 

together with an equation for 8, the phase of 77 '6, the real part of which is undetermined. 
To get the equation for the phase, multiply equation (2.30) on the left by q', take 
the complex conjugate and subtract this from equation (2.31) multiplied on the left 
by tt. We get, using (2.4), 

equation for f given by 

f q  '5 = 77 'a5 

2iwD5'77 -2i5'77Dw = -(5'77 + 77f5)(5t77q-5:77) + (77+5,f5+77,)5+77 - (ti77 +77k)5'77, 
(2.35) 

(2.36) 

(2.37) 

2i77 '5D(5'q) - W'qD(77 '5) = ('~(77 t5q- v i5 )  - vi5(5'qlq-5:v), 
De = R e h  2, - 4 o / ~  '51. 

To get the Frenkel equation multiply equation (2.30) on the left by q'(a -f), 

2iq'(a -f)D[ = 77 '(a -f)K * a5 - 77 '(a - f ) [ ,  (2.38) 

(2.39) 

where we have used equation (2.11) and the fact that V ' ( a - f ) [  is zero and since 
(appendix 1) V ' ( a  -f)Cq is perpendicular to 77 'a5 we have written it in terms of Kq 
given by 

7 '(a -f )5, = iKq x q 'at, (2.40) 

K q -  q'a[=O. (2.41) 

= (K - K * ff)q '5 - i(K + K,) x q 'ut, 

Similarly we get by multiplying equation (2.31) on the left by 5'(a -f*) 

2 i t t ( o  -f*)D7 = (K - K ff)*t'q - i(K + Kp)* x (2.42) 

where Kp is defined by 

['(a -f*).rlq = iK,* x t'a77, (2.43) 

K,* 8 ('a77 0. (2.44) 
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Subtracting the complex conjugate of equation (2.42) from equation (2.39) we get 

or 
Df = -(K + iK, + iKp) x f. 

(2.45) 

(2.46) 

We can interpret this equation as Frenkel’s relativistic spin equation with an anomalous 
electromagnetic ‘quantum’ field. 

The classical limit of this result was derived from the Dirac equation for the special 
cases of transverse and longitudinal constant electric and magnetic fields by Tolhock 
and de Groot (1951), but the attempt to generalise the fields seems to have been 
dropped when it was observed (Bargmann et a1 1959) that the expectation value of 
the operator representing the spin necessarily follows the same time dependence as 
the relativistic classical equation of motion. These are uniquely the Frenkel equations 
(2.46) in the absence of the ‘quantum’ fields Kq and K,, which are equivalent to those 
of Bargmann et a1 (1959). 

Equations (2.37) and (2.46) may also be written in terms of the substantive 
derivative 

6 = D +d,a+A,*V (2.47) 

corresponding to the world lines derived from the HJ equation (2.28). Replacing D 
by d in (2.30) and subsequent equations and definitions may be compensated by 
replacing & and qq by 

(2.48) iq = 6, - 2i(d,at +A, vt), 
:,= qq-2i(4,aq + A , . V q ) .  

de = Re[(q ’& - < : 5 ) / q  ‘51, 
Thus equations (2.37) and (2.44) become 

6f = - (K + igq + $kq) x f. 

(2.49) 

(2.50) 

(2.51) 

This Frenkel equation together with the HJ equation (2.28) and the continuity equation 
(2.16) are the hydrodynamic equations for a stream of non-interacting relativistic 
electrons in the presence of a quantum scalar and four-vector potential and anomalous 
electromagnetic field, affecting the spin, in addition to the classical fields. There is in 
the quantum theory additional phase information e(x )  which is constant along the 
paths of the electrons in the classical limit. The world lines of the electrons are 
determined by Hamilton’s equations and the complex spin precesses about the complex 
magnetic field (classical plus ‘quantum’) that it meets on the way. These hydrodynamic 
equations are however coupled through their ‘quantum’ terms and are equivalent to 
the second-order Dirac equation (2.17). 

3. The semiclassical approximation 

If we were to use the HJ equation (2.28), the CE equation (2.16), the Frenkel equation 
(2.46) and the phase equation (2.37) to find the solution of the Dirac equation we 
would be faced with three difficulties. 

First these equations determine a ( x ) w  (x), S(x), e ( x )  and f (x) but leave w (x), t ( x )  
and q (x) undetermined. Knowledge of 6 and f is not sufficient without some further 
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constraint, for example 

t1 = 1, (3.1) 

to determine 5 and 77 since using equation (Al.1) 

(3.3) 

(3.4) 

Imposing the constraints (3.1) on equation (2.30), we get the following equation for w :  

where 

a: ( x  ) = Im[K + (K  + iK, ) ( fx - if, 1 / ( 1 + fi 11. (3.7) 

We have used equation (2.24) to derive equation (3.6). 
The second difficulty is that unlike true hydrodynamic equations our HJ, CE, Frenkel 

and phase equations are coupled together through the quantum terms. They uncouple 
however in the semiclassical limit. 

To zero order in h, f satisfies Frenkel's spin equations so that it precesses about 
the K direction as the particle moves along a world line everywhere tangent to as + 4, 
VS - A  determined by the classical HJ equation. Along this world line 8 is constant but 

where the integral is taken along the world line and f has been determined along it 
by Frenkel's equation. Knowing 8 and w and hence ~ ' 6 ,  we can, using equations 
(3.2)-(3.4), determine t2 ,  vi ,  q2 from f and (3.1). These values of 8 and q allow us 
to calculate 4,, A,. a' is determined from the continuity equation (2.16). 

Thus we find an approximate solution 

4 cos 8 \ 

of the second-order Dirac equation (2.17). 

(2.17) is not necessarily a solution of the Dirac equation (2.2). However 
The third difficulty is that the solution (3.9) of the second-order Dirac equation 

(3.10) 
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is, since the second-order Dirac equation may be written 

) 
m tih -4 )  + ( ihV+A) U 

((iha - 4 )  - (ihv + A )  * u m 

-m 
( i h a - 4  - (ihV + A )  u 

(ihd - 4 )  + (ihV + A )  0 U 

-m 

-m i h  - 4 + (ihV + A )  u )* = 0. (3.11) 
= i i h d -  4 - (iAV + A )  * u -m 

The projection, equation (3.10), must be carried out on the solution given by the 
above approximation procedure in order to get an approximate solution to the Dirac 
equation. 

4. The distorted wave Glauber approximation 

In the distorted wave Glauber approximation (DWGA) we assume that we have a 
solutiont $, equation (2.1), of the Dirac equation (2.2) for a vector potential 4, A 
and seek a solution of the second-order Dirac equation for a vector potential 4, d. 
That is, we wish to express ŝ , a*, 4, { and fj in terms of S ,  a, 8, 6 and 77. We will fix 
4 and w ,  

as they are undetermined by the equations of § 2. This alternative to setting i1 = 1 
leaves ŝ  unfixed for the present. 

Although the Hamiltonian referred to in the HJ equation (2.28) is a scalar quantity, 
identically vanishing, nonetheless its Hamilton equations lead to the correct electron 
world lines for the given potentials. It will however in this section be convenient to 
reinterpret equation (2.28) by analogy with the Hamilton partial differential equation 
at fixed energy which has Hamilton’s characteristic function, which depends on the 
energy, as its solution, rather than as the more general HJ equation which has the 
action, a function of time, as its solution. We will in this spirit rewrite equations (2.28) 
and (2.29) as 

4(x, t ) = w ( x ,  f ) =  1, (4.1) 

(8s + &12 - (VS -A)’ = m 2  - v,, 
-Vq = 4: - A i  + h  Re(77’iq+[’ijq-277’K ut), 

(4.2) 

(4.3) 

where we have used equations (2.48) and (2.49). We interpret (4.2) as Hamilton’s 
differential equation (and m 2  as the fixed ‘energy’), which gives the path x(s), t ( s )  of 
a particle in the four-dimensional ‘space’ x, t with s an independent parameter 
analogous to time. 

Our first ansatz 

(4.4) 

+ Any solution of the first-order Dirac equation is also a solution of the second-order Dirac equation, since 
the matrices on the left of equation (3.1 1) commute. 
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postulates that the paths are the same for both sets of potentials, merely re- 
parametrised by s ( ~ )  so that the particles are travelling 'faster' for one set. Since 
S ( T )  will in general differ from one path to the next, S, the derivative of S ( T )  with 
respect to r ,  is a function of x and t. The continuity equation becomes 

a[d2s(as t4)l-v e [d2s(vs -A) ]  = o 

d 1n(B2 S/a 2, = o 

(4.6) 

which together with the continuity equation (2.16) for the paths x ( T ) ,  t ( T ) ,  implies 

(4.7) 

so that JSa^(x, t ) / a ( x ,  t)  is a constant along each path, 

(4.8) 

We may take the constant to be unity so that 

d(x, t ) = a ( x ,  t) /Ji(x, t ) .  (4.9) 

From here on we shall abbreviate functions ((x, t )  evaluated along the path x(s), 
t ( s )  by 5(s). 

Let us without loss of generality write 

i [ S ( T ) I  = T(TMT), 

G [ S ( T ) I =  W(T)T(T), 

along each path. If the 2 x 2 complex matrices T, W satisfy 

-2im (d /d r )T  = k [ s ( r ) ]  - UT- X(T)  u, 

-2im (d/dT) W = k*[s (~) ]  * U W  - WK*(r) - U, 

-2im ( d / d r ) i +  2imT (d/dr)( = K * U{- TK * a(, 

-2im (d/dr)fj + 2im W (d/dT)q = K* - U! - WK* UT, 

which imply 

then the equations for i and < 
At * - *  2i$- 2i(( Dq + < '$)E 

2i& - 2 i ( i t b +  + < '$)! 
= K  * u j - ( 2  Ref'jtk .~I)g-~~+(q~i~+f-7il~)i, 

= k* * uf - (2 Re ;It&? * ut)$ -{q+ (4 'iq+siiq)+j, 

are satisfied, using equations (2.30) and (2.3 l ) ,  provided the approximation 
,. 
tqs[s(d1= T ( T ) t C l ( T ) ,  

ril&(r)l= W(T)iq(T), 

is valid, which depends on how d ,  T and W vary from one path to another. 
From equations (4.12) and (4.13) we find that 

d 
d r  

2 i - (WtT)=2 i  WtT],  

(4.10) 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

(4.19) 

(4.20) 

thus if W t T  is the unit matrix for T zero it is so for all r ,  thus Wt is the inverse of T 
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(4.21) 

(4.22) 

(4.23) 

(4.24) 

The expression for ~ [ s ( T ) ]  may be found by observing that the solution of the HJ 

(4.25) 
equations 

( 8 3  + $ ) 2 - ( ~ ~  -X12 = m 2  - Pq 
and (4.2) may be written using (4.4) and (4.5), 

(4.27) 

Thus 

(4.28) 

(4.32) 
using the definitions (2.9) and (2.10). 
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It is shown in appendix 2 that approximating the ‘vector’ AC-A,”= 
( $ q [ s ( ~ ) ] - 4 q ( ~ ) ,  d q [ s ( ~ ) ] - A q ( ~ ) )  by its component along the ‘velocity’ dx’”/ds = 
(dt/ds,dx/ds) is tantamount to assuming that neither the ‘velocity’ nor s ( T ) ,  T ( T )  
differ much between adjacent points on different paths. The component along the 
velocity follows from equation (4.32) 

(4.33) 
d d 

d r  = 4 7 )  * - [X(T) - x [ s ( 7 ) 1 1 - 4 q ( 7 . )  [ t (T )  - t [ S ( T ) l l + P ( T ) .  

Thus the argument of the integral on the right of equation (4.29) may be written in 
this approximation 

(& -&hd4: -A:)7 

= (d:[s ( T ) ] - A ( ( T ) ) ( d q p .  [s ( T ) l + A q w  (7) )  (4.34) 

- - - { A q ( T )  * [ X [ s ( T ) l - X  ( T ) l + p  (T)}{Aq(T)  [i [ s ( T ) I + X  (7)I-p (7) )  

1 [s (T)] * f [s (711 
(4.35) 

where the dot product is now of four-dimensional ‘vectors’ and X [ s ( r ) ]  denotes the 
derivative of x[s(T)] with respect to T .  

We are now in a position to derive an equation for ~ ( 7 ) .  The HJ equations (4.2) 
and (4.25) taken together with equations (4.4) and (4.5) and (4.35) give 

[X[S(T)] - i (T)] [ X [ S ( T ) ]  +X (T)]m2 

= - pq[S ( T ) ]  + vq(T) 

(4.36) 

which since x(s) and Aq(7) are known is a first-order nonlinear differential equation 
for s ( T ) .  Unfortunately ( 7 )  depends on T ( T )  unless this commutes with k[s ( r ) ]  * U, 
as we shall assume for our first approximation. 

The first step in the distorted wave Glauber approximation is to solve the first-order 
differential equation (4.36) for ~ ( 7 ) .  Using this S ( T )  we then solve the first-order spin 
equations (4.12) (and use this T ( T )  to derive an improved S ( T )  from equation (4.36)) 
or (4.14) and (4.15) and evaluate the integral of the expression on the right of (4.35) 
to get ŝ  from (4.29). Remember that & is unity and d ( x ,  t )  is given by equations (4.9) 
so that we have the solution 

(4.37) 

of the perturbed second-order Dirac equation. To get a solution of the perturbed 
first-order equation we must take 

(4.38) 
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5. Conclusions 

The Dirac equation in the presence of the potential field (4, A )  is equivalent to the 
following hydrodynamic equations coupled together by the presence of the ‘quantum’ 
four-vector potential field (4q, Aq) defined by (2.9) and (2.10) and the scalar field Qq 

defined by (2.29), together with an anomalous ‘quantum’ electromagnetic field 
H q u a n t u m  +iEquantum = ;(Kq+K,) given by (2.40), (2.41), (2.43) and (2.44) rather than 
by differential operations on (dq, Aq) similar to (2.19) and (2.20) which define H, E: 
(1) the HJ equation (2.28) for an electron in the presence of a four-vector potential 
(4 + q5q, A +Aq)  and a scalar potential Qq; (2) the Frenkel relativistic equation (2.51) 
for the spin of an electron moving through space in accordance with the HJ equation 
with a magnetic field H +Haquantum’ and electric field E +Equantum acting on the spin; 
(3) the continuity equation (2.15) governing the four-vector current (p,  j) given by 
(2.6) and (2.12) of electrons moving in accordance with the HJ equation and not 
interacting with one another; (4) an equation (2.50) for the additional phase informa- 
tion e which appears only in the relativistic quantum theory. Given any breakdown 
of any given solution of the Dirac equation into the components S, a, 6, 77, these 
components satisfy the coupled hydrodynamic equations of § 2. One could simplify 
the equations by choosing S to be a solution of the classical HJ equation and U’ to 
be a solution of the corresponding classical continuity equation. In this paper however 
it is assumed that the solutions of the classical equations are not given. So the paths 
t ( T ) ,  X ( T )  are determined by S, 4 + c $ ~  and A +A,.  

In the classical limit A = 0 the equations decouple and 8 is trivial, giving the classical 
hydrodynamic equations for a stream of relativistic electrons which interact with the 
potential 4, A but not with one another, the spin being governed by Frenkel’s equation 
in an electromagnetic field derived from this potential. The semiclassical approxima- 
tion requires the solution of a HJ equation and a Frenkel equation. It is presented 
here so that the Glauber-type approximation may be compared with it and ordinary 
perturbation theory. 

The distorted wave Glauber approximation presented in § 4 requires neither A to 
be negligible nor the perturbation C$ +c$~ ,  A + A q  to be small. There is however a 
smoothness condition on the perturbation expressed by the requirement that the 
ansatz (4.41, (4.5) be compatible with the HJ equations (4.2) and (4.25). That is, the 
electron is moving along the unperturbed ‘quantum’ path sufficiently fast and the 
perturbation potential is so smooth that the force due to it is too small to drive the 
electron far from this path, but merely speeds it up along the path. The advantage 
of the method is that the classical HJ equation does not have to be solved. The paths 
x(s), t ( s )  used throughout are read off from the solution of the unperturbed Dirac 
equation and do not require the solution of the unperturbed HJ equation. We are 
then left with first-order differential equations (4.36) for the speeding up function 
s ( T ) ,  (4.12) for the spin matrix T ( T )  and the evaluation of an integral (4.29) along 
the given paths to determine the phase S. The method works well when the un- 
perturbed potential is that of an electromagnetic plane wave and the perturbation 
does not vary sufficiently in space and time to drive a fast moving electron far from 
the classical path that the electron has in the presence of the plane wave alone. It 
also seems to work well with the Coulomb potential as the unperturbed system and 
perturbations which do not vary greatly in space or time. To compare the DWGA with 
the semiclassical approximation and ordinary perturbation theory, these should be 
applied where the exact solution may be found both for the unperturbed and perturbed 
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potentials. In the only such cases I know either the DWGA gives the exact answer or 
it reduces to the ordinary Glauber approximation. 

Appendix 1. Lemma : 77 '(U - f)[, is perpendicular to TJ 'a5 (used to derive (2.39)). 

For two spinors 6 and f the dot product of the vector T J ' U ~  given by 

V k 5 ,  77+uy5, &,5 =TJ;5Z+77;51,i(TJT52-TJ;51), 77T51-TJ;52 
with the vector TJ 'ai is 

7 +U( * TJ 

(Al .1)  

= T J ; T J ;  (,g{' + [ 'p )  + r)T77;pi1+ TJ;TJ;p5- 

= 77 T &  rj 'i. (A1.3) 

Thus if either 5 or { is orthogonal to 77 the vectors are perpendicular. Using equation 
(A1.3) the complex vector f defined by (2.34) satisfies 

f * f =  1.  (A1.4) 

If one of 5, i is orthogonal to TJ and the other is not then any spinor 5, may be written 
as a superposition of them, 

5, = 4 + P i ;  (A1.5) 

(A1.2) 

= (TJT51+77;52)(TJTi1+TJ;52) 

then 

&-f)rq=P77+Ui (A1.6) 

is perpendicular to 77 +U[ and so may be written in terms of Kq given by 

77 +(a - f)tq = iKq x TJ +a[, 

K ,  * 77 'ut = 0, 

(A1.7) 

(A1.8) 

thus defining a quantum electromagnetic field Hq, E ,  

K ,  = Hq - iE, (A1.9) 

perpendicular to f and of norm ipq ' ~ / T J  '5 because using (A1.3) 

-p * (TJ+ i )2  = - p 2 & { ,  TJ'ai (A.lO) 

(Al.11) 

(A1.12) 

(A1.13) 

Except for isolated points 5 will not be orthogonal to TJ, so the norm of K ,  is zero, 
and therefore 

H , .  H , = E , *  E,, (A1.14) 

H, * E ,  = 0, ( A l .  15)  
the magnetic and electrostatic energy of the 'quantum' field are equal and the electric 
and magnetic fields are perpendicular to one another and to the spin direction, 

= ( K ,  x '17 +U() * ( K ,  x TJ 

= K ,  * Kq(T ' ~ 5  * 77 +U[) - ( K ,  * TJ '05)' 
= K ,  * Kq(TJ t5)2. 
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Appendix 2. (The approximation used in equation (4.35).) 

Let the four ‘vectors’ x ( s )  and x 2 ( s )  denote the paths which run back from adjacent 
points x [s ( T ) ]  and 

x * [ s ( 7 ) ] = x [ s ( 7 ) ] + S x ;  (A2.1) 

then 

E ~ s ~ 7 ~ I t ~ j j ~ ~ ~ 7 ~ 1 - ~ ~ x 2 ~ 7 ) 1 1  = .57)+[77(7) -77 [x2(7 )11  (A2.2) 

if T ( 7 )  and s ( 7 )  are the same for both paths. Thus in the limit of Sx small 

& [ s ( d l *  [ x 2 [ s ( ~ ) 1 - ~ [ ~ ( ~ ) 1 1  =Ad71 * [ X 2 ( T )  - x ( r ) l  (A2.3) 

(A2.4) 

But the braces on the right of equation (A2.4) is proportional to the difference between 
the average velocity on each path which is approximately zero if S x  is perpendicular 
to the paths. 

We note that if we allowed T ( 7 )  to differ from path to adjacent path by a phase 
this could be accommodated by a change in g ( x ,  t )  allowed for in the discussion 
succeeding equation (4.1). 
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